Abstract In this work, the effects of superthermal and trapped electrons on the oblique propagation of nonlinear dust-acoustic waves in a magnetized dusty (complex) plasma are investigated. The dynamic of electrons is simulated by the generalized Lorentzian (κ) distribution function (DF). The dust grains are cold and their dynamics are simulated by hydrodynamic equations. Using the standard reductive perturbation technique (RPT) a nonlinear modified Korteweg-de Vries (mKdV) equation is derived. Two types of solitary waves; fast and slow dust acoustic solitons, exist in this plasma. Calculations reveal that compressive solitary structures are likely to propagate in this plasma where dust grains are negatively (or positively) charged. The properties of dust acoustic solitons (DASs) are also investigated numerically.
Introduction
Recently, there has been much interest in studying the dusty plasmas which are characterized as ionized gases containing electrons, ions, and highly charged massive dust particles. Typical microsized dust particles have high masses, about 10 6 -10 18 times the mass of a proton [1] , and carry positive or negative charges that are several orders of magnitude larger than those of electrons or elementary ions.
The growing interest in physics of dusty plasmas is not only because of dust being an omnipresent ingredient of our universe, but also because of its vital role in understanding different collective processes (mode modification, new eigenmodes, coherent structures, etc.) in laboratory, astrophysical and space plasma environments such as cometary tails, asteroid zones, planetary rings, interstellar medium, earth's atmosphere, lower and upper mesosphere, etc [1−4] . It has been found theoretically and experimentally that the linear and nonlinear plasma properties can be significantly affected by the very massive and high charged dust grains it contains. In particular, it can result in the appearance of new normal modes, such as the dust acoustic (DA), dust ion acoustic (DIA) and dust lattice (DL) waves, etc [5−10] . Most theoretical works on dusty plasmas are concerned with the dynamics of dust particles. Mamum et al. [11, 12] studied nonlinear DA waves in an unmagnetized two-component dusty plasma consisting of a negatively charged dust fluid and Maxwellian [11] or nonMaxwellian [12] distributed ions. Then, Mamum [13] extended the previous work by considering magnetized three-component dusty plasma consisting of a negatively charged dust fluid, Boltzmann-distributed electrons and vortex-like distributed ions. Several authors have already reported the scheme of co-existence of two different non-isothermal plasma species [14−17] . In the present paper, we extend earlier works to a magnetized three-component dusty plasma consisting of a negatively (positively) charged dust fluid, Boltzmann-distributed ions and high energy electrons. High energy electrons may arise from the effect of external forces acting on the natural space environment plasmas or from the wave-particle interaction, which ultimately leads to κ-like distributions [18−21] . Important features of κ distribution are that, first, at high velocities the distribution obeys an inverse power law, and second, for all velocities, in the limit as the spectral index κ → ∞ the distribution approaches the Maxwellian distribution [22−28] . It also affects the nature of particle-wave nonlinear interaction and the possibility of having a trapped electron distribution in the potential well. The resonant interaction only takes place in those electrons that have a velocity close to the DA solitary velocity [29−32] . The presence of superthermal and trapped electrons has great influence on the nature of magnetized DA solitons. Moreover, the dependency of the solitons characteristics on relevant physical parameters of the problem is studied.
The outline of the paper is in the following. In the next section, the basic equations are presented which describe the dusty plasma system and governing equations including superthermal and trapped electrons. In section 3, a weakly nonlinear analysis is carried out and a modified Korteweg-de Vries (mKdV) equation is derived. In section 4, the numerical results are discussed. Section 5 gives a discussion for the case of positively charged dust. Finally, a brief summary, as well as conclusion of our investigations are drawn in the last section.
Basic equation and formulation
Now, a plasma in a constant external magnetic is considered. The static magnetic field B is applied in the z-direction. The plasma is unbounded and composed of warm positive ions, hot electrons, and negatively charged dust particles.
A dust acoustic wave, whose propagation vector k is in the (x,z) plane and the angle between k and B is θ, is assumed. Since, here, the characteristic time of dust motion (that is of the order of tens of milliseconds for micrometer sized grains) is much larger than the dust charging time (that is typically of the order of 10 −6 -10 −4 s) [33] , the dust particle charging process can be considered to take place promptly. Under this condition, the dust charge, with a good accuracy, could be assumed constant [34−37] . For simplicity, supposed all the dust grains have the same charge of q d = −ez d , with positive z d for negatively charged dust.
Nonlinear dynamics of a low-frequency dust acoustic solitary wave is governed by the following equations:
and z d are the dust density, fluid velocity, mass, and charge state, respectively. ϕ is the self consistent electric potential, c is the speed of light, n i and n e refer to ion and electron density, respectively. The charge neutrality at equilibrium requires that
where
i , and n (0) d are the unperturbed electron, ion, and dust number density, respectively.
In the dynamical systems, some of electrons are attached to the dust particles to form charged dust particles, while some of the remaining electrons are bounded back and forth in the potential well, losing energy continuously, and as a result, being ultimately trapped electrons. In this case, the electron density is defined from the Vlasov equation consisting of free and trapped electrons [38] . The model DF, containing both the free and trapped electrons in the Maxwellian plasma, was first introduced by Gurevich and later developed by Shamel [39, 40] . Accordingly, the following κ DF is introduced [41−43] :
where f fe , f te are the free and the trapped electron velocity DF, respectively. n 0e is the equilibrium electron density, m e is an electron mass. ⊥( ) is the sign denotes the perpendicular (parallel) direction to the B. δ is the Dirac delta function and it also is the indication of temperature anisotropy (i.e. T e >> T e⊥ ) [16, 43] . By this choice, T e⊥ does not appear in the formal-
T e m e is the electron thermal velocity.
κ e is the electron spectral index (κ e > 3/2), c κe = 1
is the normalization coefficient, Γ is the gamma function. β represents the ratio of the free to the trapped electron temperatures. β = 0 models the plateau structure and β < 0 models the hole structure in the electron DF. Note that the above κ distributions have such behavior that as κ → ∞, their Maxwellian counterparts are obtained [39] . Integrating the DF over the corresponding velocity range, one obtains the number density of the electrons [41, 42] :
(6) In the weak nonlinear range eϕ T e < 1 , the Taylor expansion of Eq. (6) gives the electron density, n e , as a combination of free and trapped electrons, see [41] :
where,
On the dust time scale, the ions are assumed to be in thermal equilibrium, with the density given by:
n i can be expanded for small ϕ eϕ T i < 1 based on the Taylor series, and the expression of ion number density in terms of electrostatic potential is obtained as follows: For simplicity, a new axis ζ is defined in the (x-z) plane which has the angle θ with the z-axis. Then the one-dimensional wave propagating along the ζ-axis is considered. Thus, the basic fluid equations are obtained as:
and
Here
is the dust cyclotron frequency.
In the unperturbed initial state, q j n 0j = 0, and
where z i n 0i n 0e > 1 for negatively charged dust particles.
Now reductive perturbation theory (RPT) is used to analyze DASWs with small but finite amplitude in the present plasma, for which the following stretched coordinates are introduced [35, 38, 44] :
where λ ν (ν = f,s) is the unknown phase velocity and will be determined later. The RPT requires expansion of dependent quantities. Accordingly, n d , v d and ϕ are introduced in power series based on ε, as follows:
where ε is a small parameter.
To obtain the proper µ in the presence of roughly parameters of dusty plasmas, such as m d = 3 × 10 −11 kg and c = 3 × 10 8 m/s, µ = B 10 −3 √ n 0d . In plasmas in which the magnetic field (B) is weak and the density of dust grains (n 0d ) is dense, µ 1 B √ n 0d 10 −3 . So, O(µ) = ε 3/4 . Besides, in plasmas with strong magnetic field (B) and the density of dust particles (n 0d ) is rare, µ 1 B √ n 0d 10 −3 and therefore O(µ) = ε −1/4 [41] . Now, substituting Eqs. (20)- (24) into Eqs. (12)- (16) yields the following mKdV equation for µ 1:
where λ f , the phase velocity, is given as:
By the same analysis, a mKdV equation is obtained for µ 1 as follows:
Also, λ s , the phase velocity for µ 1, is obtained as:
The phase velocities λ f and λ s are called the fast and the slow waves, respectively, because λ f ≥ λ s . The stationary solution of Eq. (25) is obtained by assuming ϕ = ϕ f (ξ − u f τ ), where u f is the constant soliton velocity in the moving frame (the frame which moves with λ f = ρ/(a ke + D)). Then, by imposing the appropriate boundary conditions, namely ϕ f → 0, ∂ϕ f /∂ξ → 0 and
where ϕ fm is the maximum amplitude and ∆ f is the width at half maximum of soliton. The soliton velocity in laboratory frame is:
The nonlinear evolution of the slow ion-acoustic follows Eq. (27) . The stationary solution of this equation, in a quite similar manner, is obtained by assuming ϕ = ϕ s (ξ − u s τ ), where u s is the constant soliton velocity in the moving frame (in this case, the frame moves with λ s = ρ/(a ke + D) cos θ). After imposing the proper boundary conditions, that is, ϕ s → 0, ∂ϕ s /∂ξ → 0 and ∂ 2 ϕ s ∂ξ 2 → 0, as |ξ − u s τ | → ∞, the following relations are obtained:
where ϕ sm is the maximum amplitude and ∆ s is the width at half maximum of soliton. The soliton velocity in laboratory frame is:
4 Numerical result and discussion According to Fig. 1 , the nonlinear term in mKdV equation is a monotonically decreasing function of κ e . This means, for larger population of superthermal electrons (smaller κ e ), the nonlinear term (Eqs. (25) and (27) ) is larger and therefore dust acoustic solitons should move faster (in the moving frame which moves with λ f (λ s ). Nevertheless, in the laboratory frame, this conclusion is suppressed by λ f (λ s ) in Eq. (32) (Eq. (36)). This means that the solitons velocity would be decreased with increase of the population of superthermal electrons. The coefficient of the dispersive term is a monotonically increasing function of κ e . Therefore, for larger population of superthermal electrons, the dispersive term in the mKdV equation becomes smaller and consequently, the resulting DA solitons have to be much slimmer. Fig. 2(a) shows that the normalized soliton velocity is a decreasing function of population of superthermal electrons. This means, the smaller the κ e , the smaller the soliton velocity. As seen from this figure, the soliton velocity of this mode is supersonic. On the other hand, by increasing the population of trapped electrons (more negative β), DASs propagate with larger velocity. The enhanced velocity of solitary structures for larger concentration of trapped electrons is due to the exchange of energy between these low temperature electrons and the DAWs. It appears that the wave picks up the energy from trapped electrons and propagates at larger velocity and, hence, evolves into a solitary structure of higher amplitude, when the concentration of trapped electrons is larger in the plasma [44] . Fig. 2(b) shows that for larger number of charge ions (z i ), the soliton velocity becomes smaller. On the other hand, for larger number of charge dust grains (z d ), the soliton velocity becomes larger and DASs move faster (Fig. 2(c) ). In agreement with the physical prediction (based on Eqs. (18) and (30)), the changes of number of charge on ions (z i ) and the ratio of the electron to the ion temperature (σ) have the same influence on the behavior of DASWs. Fig. 2(d) exhibits the effect of ρ on soliton velocity. It is found from the figure that soliton velocity for ρ = 1 2 z d (the total negative charge of dust grains is half of the total negative charge of electrons) is smaller than that for ρ = z d (the total negative charges of electrons and dust grains are equal).
These results hold true for slow DAS, too. Therefore, it has been forgone showing them. Fig.2 The normalized soliton velocity of the fast mode versus β with µ = 10 −3 and ϕ fm = 0.1 in the laboratory frame Due to Eqs. (31) and (35), the width is independent of θ. Therefore, by assuming the same amplitude for both fast and slow modes, the width can be demonstrated on the same curve. Here by choosing ϕ fm = ϕ sm = 0.1, the results can be interpreted in the following manner. By increasing the population of trapped electrons (more negative β) and decreasing the number of charge dust grains (z d ), the width of soliton has a decreasing behavior (Fig. 3) . Dust particles, which are immersed in the plasma, may acquire appreciable charges by collecting electrons and ions, and by emitting electrons. When emission processes are unimportant, the equilibrium charge on the dust particles is negative as a result of the higher temperature and mobility of the electrons. The emission electrons from the surface of a particle may, however, provide conditions for positive charging. Such differences in the sign of the charge on the dust grains can greatly modify the properties of plasma. So, the effect of positive dust in the present plasma will be investigated now [45−48] . Using the same analysis, a mKdV equation for fast mode is obtained as follows:
and for slow mode
respectively, where ρ < z d and ρ = z 2 d n 0d n 0e .
Obviously, from Eqs. (37) and (25), the presence of positively charged dust grains introduces a small correction to mKdV equation. It only changes parameter D, and this parameter determines the soliton velocity. Fig. 4 depicts the normalized soliton velocity of the fast mode with µ = 10 −3 and ϕ fm = 0.1 in the laboratory frame versus β for z d = 10, z i = 1, σ = 1 and ρ = 0.5z d (in this case, charge neutrality makes the total charge of ions half of the total charge of electrons). It is shown that the soliton velocity increases in the presence of positively charged dust grains (see Fig. 2(d) ). 
Summery and conclusion
In this work, a mKdV equation for the nonlinear propagation dust acoustic waves (DAWs) in the presence of superthermal electrons in a magnetized plasma with cold dust grains and trapped electrons has been derived by applying the standard RPT. The DF of superthermal electrons was modeled by kappa distribution. Such a plasma is found to support two types of nonlinear DAWs (fast and slow DAWs).
The effect of different parameters on the behavior of DASWs is investigated. The DASs are found to attain higher velocity (or amplitude) when the dust grains and trapped electrons are increased in number; it is the same with decrease of the population of superthermal electrons. Also, they become slower when the number of charge on ions and the ratio of the electron to the ion temperature increase. In particular, in plasma with positively charged dust grains, the dust acoustic solitons are propagating faster.
Our investigations show that the DAS becomes slimmer when population of trapped and superthermal electrons is increased in number. The effect of charge on dust grains is to enhance the width of these structures.
